Abstract. If there exists a cyclic quadrilateral whose sides go through the given four collinear points, then there are infinitely many such quadrilaterals inscribed in the same circle. We give two proofs of this porism: one based on rational parametrizations of conics, the other using compositions of hyperbolic isometries.
The porism
For a point p not on a circle C define a map (1) I p : C → C so that I p (x) is the intersection point of C with the line xp, different from a.
In [8] , the following theorem was proved. In Section 2 we give a simple proof of Theorem 1 using cross-ratios and establish a link with the buttefly theorem and its projective generalization. Section 3 interprets Theorem 1 in terms of hyperbolic and Möbius geometry, reproves and generalizes it.
Both approaches to Theorem 1 are quite common and belong to the folklore in the mathematical olympiads community. We believe that they can be used as nice exercises in projective, respectively hyperbolic geometry.
The author thanks Arseniy Akopyan for useful remarks. 
2.
Cross-ratio on a conic 2.1. Good parametrizations and the first proof of Theorem 1. Let C ⊂ RP 2 be a non-degenerate conic, and ⊂ RP 2 be a line. For any point x ∈ C consider the central projection π x : → C. This map is called in [2, Section 16.2] a "good parametrization" for the following reason. q−b is the cross-ratio. Conversely, if the points p, q, r, s ∈ satisfy the condition (2), then for every point x ∈ C there is a quadrilateral xyzt inscribed in C and intersecting consequtively in the given points. Proof. We have Conversely, given points p, q, r, s satisfying (2) and a point x ∈ C, construct an inscribed quadrilateral xyzt that intersects in p, q, r, s . Then cr(s , r; a, b) = cr(p, q; a, b) = cr(s, r; a, b), which implies s = s . Remark 4. To make this proof self-contained, spell out one of the proofs of Proposition 2. Let C be a circle, and denote by α, β, γ inscribed angles subtended by the arcs ax, xz, zb on Figure 4 . Then |pa| |qa| :
|sb| |rb| by the sine law or by comparing triangle areas.
First proof of Theorem 1. If for some choice of a point x ∈ C the quadrilateral xyzt closes, then by the first part of Proposition 3 we have (2) . The second part of the same proposition implies that the quadrilateral then closes for any choice of x ∈ C.
2.2. Butterfly theorems. Proposition 3 immediately implies the "Butterfly theorem" as well as a generalization of it due to Klamkin [7] , see Fig. 5 . This proof of the butterfly theorem is the proof number ten (out of twenty) on [3] . A similar proof is given in [9, Chapter 30] . This gives a construction procedure for collinear segments of equal length with arbitrary initial points (sometimes a more complicated construction is used). Compare this with equal segments in the euclidean plane, Figure 6 . Here the quadric degenerates into a pair of parallel lines. Figure 6 . Addition of segments in hyperbolic and euclidean geometry.
Corollary 5 also explains the appearence in [8] of the formula for relativistic addition of velocities: in a coordinate system on , in which the points p, q, s have coordinates 0, u, v respectively, the point r has the coordinate u+v 1+uv . Note that this formula is the addition formula for tanh (and tanh corresponds to the velocity). On the other hand, Corollary 5 tells us that r = tanh(φ + ψ) as soon as p = tanh 0, q = tanh φ and s = tanh ψ.
Compositions of Möbius transformations.
Lemma 6. The map I p in (1) is a Möbius transformation of C. It corresponds to the following isometry I p of the Cayley-Klein model inside C:
• the rotation by 180 • around p, if p lies inside C;
• the reflection in the polar line p • , if p lies outside C.
Proof. The 180 • -rotation around p sends each point x to a point collinear with x and p (and lying on the other side of p wrt x). The reflection in a line p • sends x to a point collinear with x and p. In both cases, as x approaches C, its image approaches I p (x).
In the d-dimensional hyperbolic space, I p : Proof. If pq intersects C, then the intersection points are fixed points of I q • I p , hence I q • I p sends the line pq to itself. This means that it is an isometry of hyperbolic type with the axis pq.
If pq is tangent to C at a, then a is the unique fixed point of I q • I p , hence I q • I p is of parabolic type.
If pq does not intersect C, then I q • I p has no fixed points, hence I q • I p is elliptic. To determine the center of rotation, send the line pq to infinity. Then I p and I q become reflections in two diameters of the circle C, and their composition a rotation around the center of C, which is the pole of the line at infinity.
Our second proof uses the fact that a Möbius transformation of the circle is uniquely determined by the images of three distinct points.
Second proof of Theorem 1. Let be the line containing p, q, r, s. If intersects C in two different points a, b, then by Proposition 7 the map I s • I r • I q • I p is the composition of two Möbius transformations of hyperbolic type with the same axis . Clearly, a and b are fixed points of this map. If it has a third fixed point x, then it is the identity.
Similarly, if is tangent to C at a, then a is a fixed point of a parabolic Möbius transformation I s • I r • I q • I p , and the existence of a second fixed point implies that this transformation is identity. Finally, in the elliptic case the existence of one fixed point implies that the map is identity.
3.3.
Castillon's problem. Castillon's problem is the following. Given a circle C and n points p 1 , . . . , p n not on C, inscribe in C an n-gon whose sides (or their extensions) consecutively pass through p 1 , . . . , p n . The original 18-th century problem was posed for three points, that is for an inscribed triangle.
In other words, the problem consists in finding a fixed point of the map Similarly to the second proof of Theorem 1 one proves the following.
Theorem 8.
If the Castillon's problem for n points has at least three solutions, then every starting point on the circle gives a solution.
If the points lie on a line, then n must be even, and the existence of one non-trivial solution implies that every starting point gives a solution.
For n = 4 infinitely many solutions are possible only if p 1 , p 2 , p 3 , p 4 are collinear (because the axes of I p 4 • I p 3 and of I p 2 • I p 1 must coincide). The case of six points coinciding in pairs: p 1 = p 4 , p 2 = p 5 , p 3 = p 6 is related to Pascal's theorem. To construct six points, for which the composition of involutions is identity, one can take the vertices of a right-angled hyperbolic hexagon. Any other configuration producing the identity is characterized by the property that the lengths p 1 p 2 , p 3 p 4 , p 5 p 6 and the pairwise distances between these three lines must be side lengths of some right-angled hexagon. For a 2-sphere one defines the map I p : S 2 → S 2 in a similar way. Since an orientation-preserving Möbius transformation of S 2 is also determined by the images of three points, we have the following. Theorem 9. If the Castillon's problem for sphere and an even number of points has at least three solutions, then every starting point on the sphere gives a solution.
